In this paper we study the holonomy of gerbes with connections. If the manifold, M , on which the gerbe is defined is 1-connected, then the holonomy defines a group homomorphism. Furthermore we show that all information about the gerbe and its connections is contained in the holonomy by proving an explicit reconstruction theorem. We comment on the general case in which M is not 1-connected, but there remains a conjecture to be proved in order to make things rigorous.
Introduction
In [4] Barrett studied the holonomy of connections in principal bundles and proved a reconstruction theorem which showed that in a very precise sense all information about the connections and the bundles is contained in their holonomy. In this paper we obtain analogous results for gerbes with connections and their holonomy.
Caetano and the second author [6] used a slightly different approach to obtain Barrett's results, which has some technical advantages. Let us sketch these results. It is well known that the holonomy of a connection in a principal G-bundle, P , defined over a connected smooth manifold M, assigns a group element of G to each smooth (based) loop in M. The holonomy of the composite of two based loops is exactly the product of the two holonomies. Unless the connection is flat, two homotopic loops have different holonomies in general. However, when there is a homotopy whose differential has rank at most 1, the holonomies around the two loops are the same. We call these homotopies thin homotopies. One glance at any introductory book on algebraic topology shows that the homotopies used in the proof that the fundamental group obeys the group axioms are all thin. Therefore the holonomy map descends to a group homomorphism from the thin fundamental group of M, π 1 1 (M), to G. We should remark here that we are using the equivalence relation on loops from [6] , while we are borrowing Barrett's terminology, which he used, strictly speaking, for a slightly different equivalence relation. In [6] the term intimacy relation was used for what we call a thin homotopy. In the present paper this terminological twist should not lead to any confusion, since the paper is intended to be self-contained. Barrett's main result, also obtained in the setup of [6] , shows that it is possible to reconstruct the bundle and the connection, up to equivalence, from the holonomy. This result is a nice strengthening of the well-known Ambrose-Singer theorem [1] .
Caetano and the second author [7] also defined the higher order thin homotopy groups of a manifold. The definition of the nth-order thin homotopy group, π n n (M), is quite simple: one takes the definition of the ordinary π n (M), but, instead of dividing by any homotopy, one only divides by homotopies whose differentials have rank at most n. Just like the ordinary homotopy groups, all thin homotopy groups of order at least 2 are Abelian. Once we understand that a G-bundle with connection is equivalent to a group homomorphism π 1 1 (M) → G, we can ask for a geometrical interpretation of a group homomorphism from the second thin homotopy group, π 2 2 (M), to an abelian group, for example the circle group, U(1). As a matter of fact this was one of the main questions left open in [7] . As we show in this paper the answer is that, for a 1-connected manifold M, group homomorphisms π 2 2 (M) → U(1) correspond bijectively to equivalence classes of gerbes with connections.
Gerbes were first introduced by Giraud [10] in an attempt to understand non-abelian cohomology. Several people [5, 8, 11] have studied gerbes since then. In this paper when we say gerbe we mean an U(1)-gerbe. Just as a line-bundle on M can be defined by a set of transition function on double intersections of open sets in a covering of M, a gerbe can be defined by a set of "transition" line-bundles on double intersections. This point of view was worked out by Chatterjee [8] (see also [11] ). The interest of gerbes resides in the possibility of doing differential geometry with them. One can define gerbe-connections and gerbe-curvatures, just as for bundles. Gerbeconnections and line-bundle connections have a lot in common: for example, the Kostant-Weil integrality theorem has a gerbe analogue [5, 8] . The main difference is a shift in dimension: equivalence classes of line-bundles on M are classified by H 2 (M, Z), whereas equivalence classes of gerbes on M are classified by H 3 (M, Z). The curvature of an ordinary connection is a 2-form, the curvature of a gerbe is given by a 3-form. The holonomy of an ordinary connection associates a group element to each loop, the holonomy of a gerbeconnection associates a group element to each 2-loop, i.e. a smooth map from S 2 to the manifold. This last feature was what awakened the interest of the first author of this paper. In [14] the first author defined a general setup for state-sum invariants of 4-manifolds using 2-categories. The simplest example of such a state-sum amounts to counting the number of maps from π 2 (M) into some finite Abelian group G (see [13] and references therein). In order to get a differential geometric interpretation of these state-sums one would therefore like to understand what kind of "flat geometric object" corresponds to maps from π 2 (M) into some Abelian group G.
As will be clear from our results, it is likely that group homomorphisms π n n (M) → U(1) correspond bijectively to equivalence classes of n-gerbes with connections, if M is (n − 1)-connected. Here an n-gerbe could be defined recursively by a set of transition (n−1)-gerbes on double intersections of open sets in a cover of M [8] . When we drop the restriction on M, things become more complicated as we will show for the case n = 2. This is analogous to the fact that for a bundle with connection on a disconnected manifold, the holonomy has to be considered for each connected component separately.
The paper is organized as follows: In the second section we recall some basic facts about line-bundles with connections and U(1)-gerbes with U(1)-gerbe-connections. This section is mainly aimed at those who are unfamiliar with gerbes but would like to read the paper anyway. Next we recall the results of Barrett [4] and Caetano and the second author [6] for line-bundles. In this (third) section we give a local proof of their results, rather than the global proofs found in [4, 6] where the authors reconstruct the total space of the bundles. The reason for this different approach is that gerbes do not have total spaces and therefore some of the techniques used by these authors cannot be used in the gerbe context right away. In the fourth section we recall the definition of the higher order thin homotopy groups which were first defined by Caetano and the second author [7] . Section 5 is the first section which contains new results. In this section we first define gerbe-holonomy following Chatterjee [8] and then rework his definition to obtain a concrete formula in terms of the local data definining the gerbe. We also show that the gerbe-holonomy defines a group homomorphism from π 2 2 (M) → U(1). So far people [5, 8, 11] had only remarked that a gerbe-connection gives rise to holonomy around embedded surfaces in the manifold, which is true but not sufficient to recover the gerbe and connection from the holonomy. Section 6 contains two technical lemmas which we need in sections 4 and 7; the first is due to Barrett [4] , the second is our next order analogue. Finally in section 7 we state and prove our main result which shows that, for a given 1-connected manifold M, every 2-holonomy π 2 2 (M) → U(1) is the gerbe-holonomy of a certain gerbe with gerbe-connection. Section 8 contains some final remarks.
Line bundles and gerbes with connections
This section is just meant to recollect some of the basic facts about linebundles and gerbes. We claim no originality in this section. As a matter of fact we follow Hitchin [11] and Chatterjee [8] closely. However, we feel that a section like this is necessary, because gerbes are still rather unfamiliar mathematical objects to most mathematicians, and therefore the lack of an introductory section might scare off people who would like to read this paper. Of course we assume familiarity with the differential geometry of principal bundles and connections.
Throughout this paper let M be a smooth connected paracompact finitedimensional manifold and U = {U i | i ∈ J} an open cover of M such that every non-empty p-fold intersection U i 1 ...ip = U i 1 ∩· · ·∩U ip is contractible. We also assume the existence of a partition of unity (ρ i : U i → R) subordinate to U. In this paper a complex line-bundle L on M can come in essentially two different but equivalent forms: as a complex vector bundle of rank 1 or as a set of transition functions g ij : U ij → U(1). Here we consider U(1) to be embedded in C as the unit circle. Recall that the g ij have to satisfy g ji = g
−1 ij
and theČech cocycle condition (δg) ijk = g ij g jk g ki = 1 on U ijk . Two sets of transition functions (g ij ) and (g ′ ij ) define equivalent line-bundles if and only if there exist functions h i :
In this case we say that (g ij ) and (g ′ ij ) are cohomologous and δh = (h −1 i h j ) is the coboundary by which they differ. Thus equivalence classes of line-bundles correspond bijectively to cohomology classes in the firstČech cohomology groupȞ 1 (M, U (1)). This bijection defines a group homomorphism, where the group operation for cochains is defined by pointwise multiplication and for line-bundles by their tensor product. Similarly we use two different but equivalent ways to write down a connection in L: as a covariant derivative
For each i the 1-form A i is of course the pull-back of the connection 1-form associated to ∇ via a local section σ i :
We will not say more about covariant derivatives, but we recall that the A i have to satisfy the rule
Two line-bundles with connections, (g ij , A i ) and (g ′ ij , A ′ i ), are equivalent exactly when g ij and g ′ ij define equivalent bundles and iA
Given a line-bundle with connection (g ij , A i ), we can define its curvature 2-form F ∈ Ω 2 (M) by F | U i = dA i . Using the partition of unity (ρ i ) we can easily define a connection for a given line-bundle, g ij , by
An immediate consequence of the definitions is that the cohomology class of F is independent of the chosen connection. The invariant i 2π
[F ] is called the Chern class of the line-bundle. A well known fact about line-bundles is the Kostant-Weil integrality theorem (see [5] and references therein), which says that any closed 2-form F on M is the curvature 2-form of a connection in a line-bundle if and only if
is the image of an integer cohomology class in H 2 (M, Z). Basically this theorem is the statement that the cohomology groupsȞ 1 (M, U(1)) and H 2 (M, Z) are isomorphic, which follows from the exact sequence 0 −→ Z ×2πi −→ C exp −→ C * −→ 1 and the long exact sequence of sheaves derived from it. Finally we should remark that Deligne (see references in [5] ) found a nice way to encode line-bundles with connections in a cohomological terminology. Equivalence classes of linebundles with connections correspond bijectively to cohomology classes in the first (smooth) Deligne hypercohomology group
. This means little more than that a line-bundle with connection can be defined by a pair of local data ((g ij ), (A i )) with respect to the covering U such that
and that two such pairs ((g ij ), (A i )) , (g 
The difference between this remark and the precise definition of Deligne cohomology lies in the fact that the local data are not just a family of sets but a sheaf. This distinction is important for a rigorous treatment because one wants all definitions to be independent of the choice of open cover in the end. However, this is not the right place to define the whole machinery of sheaves and sheaf cohomology. For a rigorous introduction to Deligne hypercohomology see [5] .
Just as for line-bundles we can define a gerbe by two different but equivalent kinds of data. The first alternative is to say that a gerbe is given by a set of transition line-bundles Λ j i on U ij together with a nowhere zero section (also called trivialization) θ ijk ∈ Γ(U ijk , Λ ijk ) of the tensor product line-bundle Λ ijk = Λ −1 , where the latter is the inverse of Λ j i with respect to the tensor product, and the cocycle condition which says that
where the last line-bundle is the trivial line-bundle over U ijk . The trivializations have to satisfy θ s(i)s(j)s(k) = θ ǫ(s) ijk , for any permutation s ∈ S 3 , where ǫ(s) is the sign of s, and the cocycle condition
To understand the last equation one has to note that on U ijkl the tensor product of all the line-bundles involved is identical, up to the fixed isomorphisms
−1 and the canonical isomorphism which reorders the factors in the tensor product, to the trivial line-bundle. This holds because every linebundle appears twice in the product with opposite signs. The last equation means that the product of the sections has to be equal, forgetting about the uninteresting isomorphisms above, to the canonical section in the trivial line-bundle over U ijkl (i.e. the one which associates to each x ∈ U ijkl the point (x, 1) ∈ U ijkl × U(1)). Two gerbes are said to be equivalent if for each i ∈ J there exists a line-bundle L i on U i , such that for each i, j ∈ J we have bundle isomorphisms
ijk ⊗ id on U ijk . The data defining an equivalence are called an object by Chatterjee [8] .
In order to relate the definition above toČech cohomology we only have to remember that all our p-fold intersections are contractible so all line-bundles above are necessarily equivalent to the trivial line-bundle. This means that we can choose a nowhere zero section σ j i in Λ j i for each i, j ∈ J. With respect to these sections we now get θ ijk = g ijk σ ijk , where we take σ ijk = σ j i σ k j σ i k in the tensor product line-bundle. By the definition above we see that g defines aČech 2-cocycle, i.e., for all i, j, k, l ∈ J we have
, we can also choose nowhere zero sections σ i in L i for each i ∈ J. This gives us two nowhere zero sections in (Λ
For each i, j ∈ J we can take the quotient of these sections which defines a function h ij : U ij → U(1) such that for each i, j, k ∈ J we have g
ik h ij on U ijk . Thus every equivalence class of gerbes induces aČech cohomology class inȞ 2 (M, U(1)). Hitchin [11] shows that the converse is true as well, which leads to the conclusion that equivalence classes of gerbes correspond bijectively to the elements inȞ 2 (M, U(1)).
Gerbe-connections are defined by two sets of data: the 0-connections and the 1-connections (Chatterjee's terminology). Let G be a gerbe given by a set of line-bundles Λ 
for any sections σ ∈ L and σ ′ ∈ L ′ . We also require that
The alternative definition of a 0-connection is obtained in a straightforward manner by taking the pull-back of the connection 1-form associated to ∇ j i via σ j i for each i, j ∈ J. Let G correspond to the 2-cocycle (g ijk ), and choose a logarithm of g ijk . A 0-connection can then be defined by a set of 1-forms
Of course we assume that
where K(∇ j i ) denotes the curvature of ∇ j i . Alternatively we get
In the sequel we denote dA j i by F j i . A 0-connection and a 1-connection on G together form what we call a gerbe-connection. Our typical notation for a gerbe-connection is A. In a natural way a gerbe-connection, A, leads to the notion of a gerbe-curvature 3-form, G ∈ Ω 3 (M), which is defined by G| U i = dF i . Again using the partition of unity we see that, for a given gerbe (g ijk ), it is easy to define a 0-connection by A [G] is called the Dixmier-Douady class of the gerbe.
To complete the picture we have to define when two gerbes with gerbeconnections, (G, A) and (G ′ , A ′ ), are equivalent. First of all, such an equivalence requires G and G ′ to be equivalent as gerbes. Let (L i , m j i ) define an object for this equivalence and (h ij ) theČech cochain corresponding to this object. A and A ′ are now equivalent if for every i ∈ J there exists a con-
Equivalently this means that for every i ∈ J there exists a 1-form [8] calls the local data ∇ i , or equivalently A i , the object connection. Finally we should remark that there is a bijective correspondence between equivalence classes of gerbes with gerbe-connections and cohomology classes in
, the next order Deligne hypercohomology group. Again this amounts to little more than saying that a gerbe with gerbe-connection is defined by a triple of local data (g ijk ), (A j i ), (F i ) satisfying the conditions we have explained above. Example 2.1 Let G be a Lie group and 1 → U(1)
It is well known that any central extension is locally split. This means thatĜ π → G is a locally trivial principal U(1)-bundle. Given a principal G-bundle over M, denoted by P , in the form of its transition functions g ij : U ij → G, we can locally lift these transition functions to obtain g ij : U ij →Ĝ (by assuming that the image of g ij is sufficiently small so that the central extension can be trivialized over it). In general theĝ ij do not define a cocycle, but π(δĝ) = δg = 1 of course, so we have δĝ ∈ ker π ∼ = U(1). As a matter of fact δĝ defines a gerbe, because δ 2 = 1 always. Thus the obstruction to lifting P to a principalĜ-bundle defines a gerbe. N defines a 0-connection in the gerbe. A 1-connection is also easy to obtain, because the curvature 2-form of A S N , which we denote by F S N , can always be extended to S, since S is contractible, and therefore we can define F S to be this extension of F S N and define F N to be zero. Chatterjee [8] and Hitchin [11] show how to obtain a gerbe for any codimension-3 submanifold and how to define a gerbe-connection for such a gerbe. There is a little subtlety that we should explain: in this example U N ∩ U S is not contractible. However our definition of a gerbe in terms of line-bundles does not use that condition at all. Only when one wants to pass to the correspondingČech-cocycle and the local forms which define the gerbe-connection one has to assume that all intersections are contractible. If one feels happier with contractible intersections one can subdivide N and S, but of course this makes the definition of the gerbe a little bit more complicated. For a detailed treatment see [8] .
The holonomy of line bundles with connections
It is well-known that a principal G-bundle with connection over M allows one to define the notion of holonomy around any smooth closed curve on M (Kobayashi and Nomizu [12] ). In particular, given a fixed basepoint * in M, and a point in the fibre over * , this data induces an assignment of an element of G, to each loop in M, based at * . Such an assignment is called a holonomy map, or simply a holonomy. In Barrett [4] , and in a slightly different fashion in Caetano-Picken [6] , it was shown that suitably defined holonomy maps are in one-to-one correspondence with G-bundles plus connection plus the choice of a point in the fibre over * , up to isomorphism. This result should be seen as a geometric version of the well-known equivalence between flat G-bundles modulo gauge transformations over M and Hom(π 1 (M), G)/G, the group homomorphisms from π 1 (M) to G, modulo conjugation by elements of G.
The reconstruction of the bundle and connection from a holonomy map in Barrett [4] and Caetano-Picken [6] was carried out in the total space of the bundle, using Ehresmann connections. The main result of this section is to prove the same equivalence using instead the local data defining a bundle and connection from section 2. Since the aim is to prepare the ground for the gerbe discussion in sections 5 and 7, we will only show the result for the case G = U(1).
We start by recalling briefly the definition of holonomy map from [6] . Let Ω ∞ (M) be the space of smooth loops l : [0, 1] → M based at * such that l(t) = * for 0 ≤ t < ǫ and 1 − ǫ < t ≤ 1 for some 0 < ǫ < 1/2. We say that the loop sits, or has a sitting instant, at t = 0 and t = 1. In [6] it is shown how to reparametrize any path to sit at its endpoints using a smoothly increasing function β : [0, 1] → [0, 1] with β(t) = 0, for t ∈ [0, 1 3 ], and β(t) = 1, for t ∈ [ 2 3 , 1]. As usual we may define the product and inverse of loops, and the sitting property means that the product closes in Ω ∞ (M). We will denote the product of loops by ⋆. An equivalence relation between loops appropriate for parallel transport purposes is the following:
Now the space of equivalence classes π
∼ acquires the structure of a group in exactly the same way as π 1 (M) does, but using rank-1 homotopy instead of ordinary homotopy, since all homotopies used in the construction of π 1 (M, * ) are in fact rank-1. Again the function β is to be used to give the usual homotopies sitting endpoints. In the rest of this paper all paths and homotopies are understood to have sitting endpoints, which can always be achieved by reparametrization with β, as shown in [6] . We remark that in [6] the terms intimacy and the group of loops GL ∞ (M), were used instead of rank-1 homotopy and π 1 1 (M, * ) respectively. When the basepoint * is understood we will frequently write π
In an analogous fashion we may introduce the smooth path groupoid P 
(M) will also be denoted by ⋆. The set of paths without dividing by the thin homotopy relation we denote by P ∞ (M). We define a smooth family of loops to be a map ψ :
, which is smooth in the following sense: for every smooth family of loops ψ :
where proj is the natural projection, is smooth throughout U.
For later it will be useful to have the following result.
Lemma 3.3 (Recentering a holonomy) Let
Proof: Since the smoothness property is clear, we only have to show thatH is a group morphism, which follows from the fact that products p −1 ⋆ p may be cancelled up to rank-1 homotopy.
Suppose now that a U(1) bundle L with connection A is given in terms of local data, as in section 2, i.e. L = (g ij ) and
as follows:
where A l is a 1-form on I defined on each open set of the pullback cover
where the last equality follows from the fact that f is the pullback of a function from S 1 to U(1). 
using Stokes' theorem in the second equality, d(k
i dk i ) = 0 in the third equality, and the fact that H is of rank ≤ 1, whereas F is a 2-form, in the final equality.
H L,A is a group homomorphism from π
is a smooth family of loops in the sense that it obeys the condition in Def. 3.2. Without loss of generality we suppose that U is contractible, and let (k i ) be a trivialization of ψ ′ * (L). Once again we define a 1-form on U × I by
is a smooth function of s 1 , . . . , s k , since all functions are smooth and integration is a smooth operation. Finally H L,A does not depend on the choice of L, A up to equivalence: suppose
For later purposes it is convenient to have a local expression for the holonomy H L,A , defined directly in terms of (g ij ) and (A i ). Let l : I → M be a smooth loop, based at * . Let U 0 be an element of the open cover such that * ∈ U 0 . Consider again the pull-back cover V i = l −1 (U i ) of the interval I. Since I is a compact metric space it has a Lebesgue number λ > 0 such that ∀t ∈ I ]t−λ, t+λ[⊆ V i for some i. Thus given a decomposition of the unit in-
for some i α , and furthermore, by choosing a smaller λ if necessary, or adjusting the decomposition, we can ensure
, we arrive at the following local formula.
We remark that g i N i 1 (l(0)) = g 00 (l(0)) = 1. We may also extend this formula by an identical procedure to smooth paths p : I → M by defining:
It can be shown directly that this expression does not depend on the choice of intermediate labels i 2 , . . . , i N −1 . Furthermore we have the multiplicative formula:
Now we turn to the reconstruction of a bundle with connection from a given holonomy H. Assume that the cover U is such that for each i we have a diffeomorphism φ i : U i → B(0, 1), where B(0, 1) is the open unit ball in R n . Since M is path-connected we may choose a smooth path p i ∈ P ∞ (M) from * to x i = φ −1 (0), the centre of U i . For U 0 we set p 0 to be the constant path at * .
Given x ∈ U i there is a natural path γ x i ∈ P ∞ (M) from x i to x, namely the pullback under φ i of the radial path from the origin to φ i (x) in R n , reparametrized to be constant in a neighbourhood of t = 0, 1. Now we define the transition functions of a bundle L H = (g ij ) by (see Fig. 1 )
Lemma 3.5 The transition functions (g ij ) satisfy the cocycle condition.
Proof: For x in a triple overlap U ijk , g ij g jk g ki (x) = 1, since the product of the corresponding three loops is rank-1 homotopic to the trivial constant loop, using the fact that we may cancel products of the form p ⋆ p −1 up to rank-1 homotopy. Note that we have g ji = g −1 ij by definition as well. To define the 1-forms A i , let x ∈ U i , v ∈ T x U i , and let q :] − ǫ, ǫ[→ U i be a smooth path, such that q(0) = x,q(0) = v. Let q k denote a path following q from x to q(k), reparametrized at t = 0, 1 so as to belong to P ∞ (M). Concretely we define q k (t) = q(β(t)k), where β is the smoothly increasing function which is equal to 0 on [0, 1 3 ] and equal to 1 on [ 2 3 , 1]. Note that Fig. 2 ). Now we define:
does not depend on the choice of q, and the 1-forms
Proof: From Fig. 3 we have the equality
Taking the derivative of the logarithm at k = 0 we derive
Now we introduce a new open set U j in the atlas and corresponding φ j : U j → B(0, 1), such that U j is centred around x j = x and contained in U i . Such a pair U j , φ j may easily be constructed from φ i . Take the path p j to
is the evaluation of a 1-form on a vector and does not depend on which path is used. LetH : π 1 1 (M, x) → U(1) be the recentred holonomy at x using the path p i ⋆ γ
where the last equality follows from Barrett's lemma to be proved in Sect. 6, since q k ⋆ (γ The following result concerning the reconstructed connection will be used below. Figure 3 : Proof of Eq. 4
Thus, integrating from a to b, the result follows.
It remains to show that the assignments L, A → H L,A and H → L H , A H are mutual inverses to establish the bijective correspondence between bundles and connections, up to equivalence, and holonomies. Let H L,A be the holonomy obtained from L = (g ij ) and A = (A i ). The data, denotedL,Ã, reconstructed from this holonomy is given by:
Now using the local formula for H L,A in (1) and the multiplicative property in (2) we havẽ
where 
Now from the definition of the transition functions (5) we have
and from Lem. 3.8 we have
Using these expressions for the factors in (7) all paths cancel except for the subpaths l |[x α−1 ,xα] of l, and thereforeH(l) = H(l), ∀l (see Fig. 4 ). In conclusion we have the following Caetano and the second author [7] defined also higher (relative) smooth homotopy groups with homotopies of restricted rank, generalizing the rank-1 homotopy group π 1 1 (M) of the previous section. In the present article we will only need to consider the special case of homotopy groups relative to the base point, which simplifies the definition.
Let M be a smooth manifold. Let I n denote the unit n-cube, with coordinates t i ∈ [0, 1], i = 1, . . . , n.
Definition 4.1 An n-loop is a smooth map γ : I
n → M such that, for some 0 < ǫ < 1/2,
Remark 4.2 The above condition generalizes the "sitting" condition γ(t) = * , ∀t ∈ [0, ǫ[∪]1 − ǫ, 1] for loops in Sect. 3. In [7] the weaker requirement
, 1} for some i = 2, . . . , n) ⇒ γ(t 1 , . . . , t n ) = * was used. Definition 4.1 has the advantage that the n-loops can be multiplied smoothly (see below) along any of the t i directions, and not just along t 1 .
Definition 4.3
The product, γ 1 ⋆ γ 2 , of two n-loops γ 1 and γ 2 is given by:
The inverse, γ −1 , of an n-loop γ is given by:
Remark 4.4 γ 1 ⋆ γ 2 is smooth because of the sitting condition in Def. 4.1, which implies that γ 1 ⋆ γ 2 is constant in a neighbourhood of t 1 = 1/2.
We now define the thin homotopy relation, which was called intimacy relation by Caetano and Picken [7] .
n → M, such that:
H is smooth throughout its domain
5. rankDH (s,t 1 ,... ,tn) ≤ n throughout its domain.
It is straightforward to show that n ∼ is an equivalence relation. Let us denote the set of equivalence classes of n-loops in M by π n n (M, * ), or just π n n (M) when * is understood. Proof: The product and inverse operations defined on n-loops descend to π n n (M, * ). The identity is the constant n-loop, which sends I n to * . The group properties are shown in the same way as for π n (M), with the modifications introduced by Caetano and Picken in [6, 7] to accommodate smooth n-loops and homotopies. The group π n n (M, * ) is abelian by the standard geometric argument, since all homotopies involved are thin. In the remainder of this paper we shall mainly be concerned with π 2 2 (M), the group of 2-loops, or surfaces, modulo rank-2 homotopy.
The holonomy of gerbes with connections
Let G be a gerbe on M given by a set of transition line-bundles Λ j i and trivializations (θ ijk ) , and let A be a gerbe-connection on G given by a set of connections on the transition line-bundles ∇ j i and local 2-forms (F i ) (see Sect. 2). We first define the gerbe-holonomy of (G, A), following Chatterjee [8] . Let s : I 2 → M be a 2-loop, then the pull-back of G, s * (G), defines a gerbe on I 2 . Since I 2 is two dimensional, the gerbe s * (G) is trivial and we can choose an arbitrary trivialization, i.e., an object O, with object connection. Let O be given by the line-bundles L i , trivialized by the sections σ i over V i = s −1 (U i ), and let the object connection be given by ∇ i . We can now define a global 2-form on I 2 by the formula
Chatterjee [8] calls ǫ an error 2-form of the object connection.
Definition 5.1 The holonomy of s, which we denote by H G,A (s), is defined by
Chatterjee proves that H G,A (s) is independent of all choices we made. Proof: Let H : I 3 → M be a thin homotopy between s and s ′ . Note that only the two faces corresponding to s and s ′ of ∂H are mapped non-trivially to M, all other faces are mapped to the base-point. By the observation above and Stokes' theorem we get
Here ǫ is an error 2-form for an object of H * (G) defined on I 3 and G is the gerbe-curvature 3-form. Note that we can apply Stokes' theorem, to obtain the second equality, because dǫ = H * (G) (see [8] ). However, the last integral is equal to 1 because the rank of the differential of H is at most 2 and G is a 3-form.
Since it is also clear from the definition that the holonomy of the product of two 2-loops equals the product of the holonomies around each one of them, we arrive at the following Lemma.
Lemma 5.4 The gerbe-holonomy defines a group homomorphism
For any G ′ , A ′ equivalent to G, A the gerbe-holonomies H G ′ ,A ′ and H G,A are equal.
Proof:
The first claim is a corollary to the previous lemma. The second claim follows directy from the definition of equivalence between gerbes with gerbe-connections by applying Stokes' theorem repeatedly.
As we showed in Sect. 3 the holonomy of a line-bundle with connection is smooth in a precise sense. The same is true for gerbe-holonomies. We define a smooth family of 2-loops to be a map ψ :
2 ) is smooth. 
Lemma 5.6 (Recentering a 2-holonomy)
a) Let ℓ ∈ Ω ∞ (M, * ) be a loop which is homotopic to the constant loop in * via a homotopy G : ℓ → * . We define P Proof: Both in a) and b) one only has to check that recentering is well defined modulo thin homotopy, which is straightforward.
Lemma 5.7 The gerbe-holonomy, H G,A , defines a 2-holonomy.
Proof: This is an immediate consequence of the fact that H G,A is defined by integration of a smooth 2-form.
Before going on to the next section it is worthwile to have a look at a more concrete formula for H G,A . Analogously to what we did for line-bundles with connections in Sect. 3, we can define H G,A completely in terms of thě Cech cocycle (g ijk ), the 0-connection (A ij ) and the 1-connection (F i ). Let s : I 2 → M be a 2-loop in M as before. Let V = {V i | i ∈ J} be the covering of I 2 obtained by the taking the inverse image of all open sets in U that cover the image of s in M. We define a grid of order n on I 2 , Gr n (I 2 ), to be a cubular subdivision of I 2 with n 2 rectangles. We denote a vertex in Gr n (I 2 ) by t kl . The oriented edge between t kl and t k+1l we denote by e h kl , the oriented edge between t kl and t kl+1 by e v kl , and the oriented square with bottom left vertex t kl we denote by f kl . Now take a sufficiently fine grid Gr n (I 2 ) (i.e. with n sufficiently large) so that for each k, l = 0, 2, . . . , n − 1 there exists an i ∈ J such that f kl ⊂ V i . Note that this is possible because each covering of a compact metric space has a Lebesgue number. Note also that in general a small rectangle can be contained in more than one open set. Let ǫ ∈ Ω 2 (I 2 ) be the error 2-form of an object for s * (G, A), given by a family of line-bundles L i , with 0-connection given by a family of 1-forms A i ∈ Ω 1 (V i ). We write ǫ| V i = s * F i − dA i . We recall the identities
Now pick a labelling of Gr n (I 2 ), by which we mean that for each k, l = 1, 2 . . . , n − 2 we pick one i kl ∈ J such that f kl ⊂ V i kl . For k ∈ {0, n − 1} or l ∈ {0, n − 1} we pick a fixed label i 0 such that f kl ⊂ V i 0 for those rectangles and * ∈ U i 0 . According to Def. 5.1 we have
Note that Chatterjee's results for the global definition of the gerbe-holonomy (?) and the equalities above show that the value of H G,A (s) is independent of the choice of grid and its labelling. We have written down the explicit formula for gerbe-holonomy using a grid. Of course it is possible to obtain an analogous formula using other subdivisions of the unit square, for example, triangulations of I 2 . The idea is exactly the same, but one has to take into account the different valencies of the vertices.
In Sect. 7 we show that every 2-holonomy is the gerbe-holonomy of some gerbe with gerbe-connection.
Barrett's lemma for 2-loops
This section is a short intermezzo with two technical lemmas. The first one we needed in Sect. 3 for the reconstruction of the connection in a linebundle from its holonomy, the second lemma we will need for our reconstruction of the 1-connection in the gerbe obtained from a 2-holonomy in Sect 7. In [4] Barrett proved the following lemma, which henceforth we call Barrett's lemma (strictly speaking this is Caetano and Picken's [6] version, but the proofs are the same). We state and prove the theorem for the case G = S 1 , which we need here, but it is true for any Lie group G. . Proof: In a neighborhood of s = 0 all loops in the family are contained in one coordinate chart, so it suffices to consider the case M = R n with basepoint 0 ∈ R n . Using the canonical coordinates in R n we can write ψ(s)(t) = (ψ 1 (s, t), ψ 2 (s, t), . . . , ψ n (s, t)).
This leads to the smooth function φ :
Note that φ defines a smooth family of loops. We can now write ψ = φ • ∆, where ∆ :
The last equality is a consequence of the fact that all partial derivatives are equal to zero. Let us show this for the first partial derivative. The value of
∂s 1 (0) only depends on the behaviour of H • φ on the first axis. On this axis we have φ(s 1 , 0, . . . , 0)(t) = (ψ 1 (s 1 , t), 0 . . . , 0). It is not hard to see that this is thin homotopic to the trivial loop: for example, a thin homotopy is given by H(s, t) = (β(s)ψ 1 (s 1 , t), 0, . . . , 0), where β is the function defined in ?. Therefore, H • φ is constant on the first axis and its first partial derivative is zero.
There is subtlety to be noted here: Lemma 6.1 is only true when ψ(0) is equal to the trivial loop and not when it is thin homotopic to it. This is rather important to note, because otherwise one might get the wrong impression that the connection constructed in [4, 6] and the gerbe-connection in Sect. 7 of this paper vanish. In this paper we need the following analogue of Lem. 6.1 for 2-loops and 2-holonomies (see Def. 5.5). 2n , defined by ∆(r, s) = (r, s; r, s; . . . ; r, s), we can write ψ = φ • ∆. And again a short calculation gives
The last equation is a consequence of the fact that all second order partial derivatives are equal to zero. Let us show this for the case i = 1, j = 2. In this case the value of 
2 ), 0, . . . , 0) defines a thin homotopy between the latter and the trivial 2-loop, so H • φ is constant on our plane, whence
∂r 1 ∂s 2 (0, 0) = 0. Again let us note that ψ(0, 0) in the previous lemma has to be equal to the trivial 2-loop and not just thin homotopic to it.
Reconstruction
In this section we prove our main result. Let M be 1-connected. Proof: We prove this theorem in several parts. First we show how to construct G plus the 0-connection, A 0 , on G, i.e., the transition line-bundles with connections on double intersections and the covariantly constant sections on triple intersections. After that we show how to construct the 1-connection, A 1 , in (G, A 0 ). In the final part we prove the last claim in Thm. 7.1.
1 be an arbitrary 2-holonomy. We assume that the covering {U i , i ∈ J} of M is such that for every i ∈ J there is a diffeomorphism φ i : U i → B(0, 1) ⊂ R n , where B(0, 1) is the unit ball in R n , and that for every pair i, j ∈ J there is a diffeomorphism φ ij : U ij → B(0, 1) ⊂ R n as well. We denote by x i and x ij the centers of U i and U ij respectively, i.e.,
. We also assume that every point x ∈ M is the center of some open set in the covering, which we denote by U x when needed. Finally we assume that all n-fold intersections are contractible. Since M is 1-connected, we can choose a path p i from * , the base point in M, to x i for every i ∈ J, and a path p ij from * to x ij for every pair i, j ∈ J. For every i ∈ J we can define a canonical path, γ x i from x i to any other point x ∈ U i by γ
, where r x is the straight line, the segment of a ray, in B(0, 1) from φ i (x i ) = 0 to φ i (x). In particular there is the path γ ij is homotopic to * , the trivial loop, because M is simply-connected, so we can choose a homotopy, P ij i , between them (starting in * ). We are now ready to start our construction.
Choose any pair i, j ∈ J. Let l be a loop in U ij based at x ij . Consider the loop φ i • l in B(0, 1). We can now define the cone on φ i • l in B(0, 1) with top vertex 0 ∈ B(0, 1). This is just the homotopy between 0 ∈ B(0, 1) and φ i • l obtained by taking all rays from 0 to any point on φ i • l together. Let C i l be the image of this cone in U i . In the same way we obtain the cone C j l and we glue one cone onto the other, which corresponds to composing one homotopy with the inverse of the other, to obtain a double cone C ij l . Finally we recenter C ij l by using P ij i and P ij j to obtain a 2-loop based at * , which we denote by s 
By the results in Sect. 3 we know that the holonomy of Λ j i , ∇ j i is exactly equal to H j i , so we conclude that the holonomy of (Λ ijk , ∇ ijk ) around any loop in U ijk is trivial, because in the construction above we go around each cone twice in opposite directions. This means that ∇ ijk is flat.
Let us now define the desired horizontal section θ ijk in Γ(U ijk , Λ ijk ). For a given point y ∈ U ijk we define in Fig. 7 a 2- 
By construction we have
ijk for any permutation p ∈ S 3 , where ǫ(p) is the sign of p. It is also easy to see that the collection of functions g = {g ijk | i, j, k ∈ J} defines aČech cocycle, i.e., δg = 1. We define θ ijk = g ijk σ ijk . The cocycle condition satisfied by g implies that δθ = 1, because δσ is isomorphic to the canonical section in the trivial line bundle by definition. We also claim that for each triple i, j, k ∈ J the section g ijk σ ijk ∈ Γ(U ijk , Λ ijk ) is covariantly constant with respect to ∇ ijk . In order to see why this holds true we first have to know what 1-form
(remember that we have chosen a section σ
) which we can use to pull back the connection 1-form on the bundle to a 1-form on U ij ). The results in Sect. 3 and our construction of Λ j i , ∇ j i show that we can define A j i in the following way: let v be any vector in T y (U ij ), where y ∈ U ij is an arbitrary point. Represent v by a curve q : I → U ij , such that q(0) = y anḋ q(0) = v. Let q k be defined as in Sect. 3. We can now form the loop, based at x ij , given by l q k = γ section we can take the cones on l qt in U i and U j and form the 2-loop s ij lq t (see Fig. 8 ). The results in Sect. 3 now show that we have
In order to show that ∇ ijk (g ijk σ ijk ) = 0 we now have to prove the equation
Choose a point y ∈ U ijk , a vector v ∈ T y (U ijk ), and a curve q : I → U ijk representing v. Fig. 9 shows that the 2-loops defined by s In this part we are going to define the 2-forms F i ∈ U i which constitute the 1-connection on G. Let y ∈ U i be an arbitrary point, and v, w ∈ T y (U i ) two (linearly independent) vectors. In a small neighborhood W ⊂ U i of y, we can choose two commuting flows q, r : I × W → U i , representing v and w respectively, i.e., q(0, y) = r(0, y) = y,q(0, y) = v,ṙ(0, y) = w, whereq means the time derivative (first coordinate) of q. We say that q and r commute when q(t 1 , r(t 2 , x)) = r(t 2 , q(t 1 , x)) for all t 1 , t 2 ∈ I and all x ∈ W (this corresponds exactly to saying that the two vector fields induced by q and r commute). Locally we can always choose such flows, because it is possible in R n . In particular, for any k, l ∈ I, we can define the 2-path p i q k ,r l : I 2 → U i , starting in y, by p i q k ,r l (t 1 , t 2 ) = r(β(t 2 )l, q(β(t 1 )k, y)) (see ? for the definition of β). We can consider p i q k ,r l to be a homotopy from the constant loop at y to the loop l q k ,r l . Here the loop l q k ,r l is obtained by starting in y following q until q(k, y), then following r until r(l, q(k, y)), following q −1 until r(l, y), and finallly following r −1 back to y (i.e. "the boundary" of the 2-path p i q k ,r l ). Next we map l q k ,r l to B(0, 1) by applying φ i and take the cone on it with vertex 0. The inverse image of this cone in U i we denote by C i q k ,r l , which can also be considered to be a homotopy between y and l q k ,r l . We form a 2-loop, centered at y, by composing the 2-path p i q k ,r l with the inverse of C i q k ,r l . As before we have to recenter this 2-loop. One of our assumptions was that every point x is the center of some open U x , so we recenter C i q k ,r l with P iy i to obtain a 2-loop based at * (see Fig. 10 ), which we denote by s
We have to show that F i (v, w) is well defined, i.e. independent of the choice of flows, and that the set {F i | i ∈ J} defines a 1-connection. Both facts are consequences of the same observations, which we explain now. Let y, v, w, q, r be as above. First of all we claim that F y (v, w) = 0 for any q, r representing v, w. Here F y is defined using the open set U y whose center is y. This follows from our next order version of Barrett's lemma, which is Lem. 6.2. Note that, in the notation from above, if we recenter our 2-loops so that they become based at y, the smooth 2-parameter family of 2-loops s y q k ,r l , depending on the parameters k, l ∈ I, satisfies the condition of Lem. 6.2 because s y q 0 ,r 0 = y, the constant 2-loop at y. Clearly this is true for any flows representing v and w. Next, let us have a look at Fig. 11 . In this figure we show that the 2-loops s
are thin homotopic. Therefore we have
However, the right-hand side of this equation is exactly the holonomy of ∇ Taking also the corresponding second order partial derivative on the left-hand side of eq. 12 gives us
This equation shows two things at once. In the first place we conclude that F i is well defined, because we have is an honest 2-form. Secondly eq. 13 implies that the F i define a 1-connection in G, because for any j ∈ J we now get
The last equality follows from the fact that the F j i are curvature 2-forms of the connections A j i which define a 0-connection on G, i.e., δA = −id log g. Part 3: In this final part of the proof of Thm. 7.1 we show that the construction above defines a bijection between equivalence classes of gerbes with gerbe-connections on the one hand and 2-holonomies on the other. Let G be a gerbe on M and A a gerbe-connection in G, and let H G,A : π 2 2 (M) → S 1 be the gerbe-holonomy of (G, A). Using the construction above we obtain a new gerbe G ′ with a gerbe-connection A ′ from H G,A . Let us show that (G, A) and (G ′ , A ′ ) are equivalent. Our proof is local, so we assume that G (resp. G ′ ) is given by a cocycle (g ijk ) (resp. (g ′ ijk )) and that A (resp. A ′ ) is given by
. Let y ∈ U ijk be an arbitrary point. Recall (eq. 9) how we defined g
At the end of Sect. 5 we obtained a concrete formula for H G,A (s), for any s ∈ π 2 2 (M). We define the function h ij :
U U U where I 2 ij is the part of I 2 which is mapped onto the part of s ijk y which goes from * to U i and U j (see Fig. 12 ) and λ ij is defined in Sect. 5. Likewise we define h ik and h jk . From formula 14 it is immediately clear that we have
. This shows that G and G ′ are equivalent as gerbes. In order to establish the full equivalence between A and A ′ we also define the 1-forms B i ∈ Ω 1 (U i ) by
where q(t) is a curve in U i representing v ∈ T y (U i ) and C i (q k ) is the 2-path in U i defined by the cone on q k with vertex x i (see Fig.13 ). A small and simple calculation in R n , which we omit, shows that the definition of B i (v) does not depend on the choice of q(t). From our construction of A ′ ij from H G,A , as explained in part 1 of this proof (see Fig. 8 ), we get the following equality:
Here we take s = s ij lq k , which we defined in Fig. 9 . Taking the derivatives in k = 0 on both sides gives
Finally we have to prove that F
The last equality follows from Barrett's lemma for 2-loops (Lem. 6.2), because (F y + dB y ) (v, w), according to our formula for H G,A at the end of Sect. 5, is equal to
following the notation in (11). The smooth 2-parameter family of 2-loops s y q k ,r l starts at the trivial 2-loop at y after recentering, so we can indeed apply Lem. 6.2.
Conversely, let H be a 2-holonomy, reconstruct (G, A) as above, and let H G,A be the gerbe-holonomy of (G, A). We show that H G,A = H. The analogous proof for line-bundles, which we gave in Sect. 3, relied on the fact that the holonomy around a loop, ℓ, can be written as the holonomies around many loops each of which only shares a part with ℓ, such that in the end all parts of the loops that do not belong to ℓ cancel out. The same idea underlies our proof for gerbe-holonomies. Let s : I 2 → M be a 2-loop. In Fig. 14 we have drawn a part of the image of s which is covered by four open sets, U i , U j , U k , U l , and which we denote by s ijkl . The formula for H G,A (s) at the end of Sect. 5 shows that the part of H G,A (s) which corresponds to U i , U j , U k , U l is given by integration of the 2-forms F i , F j , F k , F l over that part of the image of s which intersects
l over the edges e ij , e jk , e kl , e li in the image of s, and finally by evaluating g ijk g −1 ilk at y, a point in the image of s and in the intersection U i ∩ U j ∩ U k ∩ U l . The key observation, just as in the case for line-bundles, is that F i , A ilk (y). Since forms of different degree come with alternating signs in formula 8, we see that all parts of the 2-loops above which are not part of s ijkl cancel out and so we are left with s ijkl only. This shows that we have H G,H (s) = H(s).
Remark 7.2 Brylinski [5] showed that every gerbe with gerbe-connection on M induces a line-bundle with connection on Ω(M), the loop space of M. Chatterjee [8] and Hitchin [11] showed how to construct such a line-bundle on Ω(M) with their version of gerbes and gerbe-connections as well. Let us indicate how one can easily construct such a line-bundle in our setup. In [4, 6] the authors reconstructed a principal bundle with connection from a holonomy by a global method, i.e., they reconstructed the total space of the bundle first and showed that there is a natural lifting of paths built in which defines a connection. In the case of gerbes one could do the same for a given 2-holonomy, as we sketch in the following. Let H : π 2 2 (M) → S 1 be a 2-holonomy (M continues to be 1-connected). One can define the total space
is the set of all 2-paths s : I 2 → M such that s(r, 0) = s(r, 1) = * ∀r ∈ I and s(0, t) = * , ∀t ∈ I. The equivalence relation is defined by
It is easy to check that this relation indeed defines an equivalence relation. The set of equivalence classes is a line-bundle on Ω ∞ (M, * ), where the pro-
It looks likely that the whole construction carried out in [4, 6] works in this setting as well. For example, the connection would now come in the form of a lifting function of paths of loops. However, one would have to do some infinite dimensional analysis to make everything rigorous. To avoid that analysis we have opted to do everything locally in M, which works nicely although less elegantly maybe. The above observations also suggest a slick definition of π 1 1 (Ω ∞ (M, * )). Note that there is always the "canonical" map
Now we can say that two loops of loops s 1 , s 2 ∈ Ω ∞ (Ω ∞ (M, * )) are thin homotopic precisely when φ(s 1 ) and φ(s 2 ) are thin homotopic. In this way one gets a map φ :
However, φ does not define an isomorphism in general, contrary to the case of ordinary homotopy. For example, there is no reason why π 1 1 (Ω ∞ (M, * )) should be Abelian in general, whereas π 2 2 (M) always is. This observation is of course related to Hitchin's [11] observation that not every line-bundle on Ω ∞ (M, * ) leads to a gerbe on M. In our context we see that the line-bundles with connections on Ω ∞ (M, * ) that lead to gerbes with gerbe-connections on M are exactly those whose holonomy π
Remark 7.3 In this remark we want to point out a relation between thin homotopy groups and hypercohomology groups that is a consequence of our results. In ordinary homotopy theory it is well known that for an n − 1-connected manifold M, the Hurewitz map π n (M) ab → H n (M) defines an isomorphism of groups. The results in [4, 6] show that for a connected manifold M there exists an isomorphism of groups between the group of holonomies {π
. This isomorphism exists because both groups classify line-bundles with connections up to equivalence. In our case we see that for a 1-connected manifold M, there exists an isomorphism of groups between the group of 2-holonomies {π
M,C ) (both groups classify gerbes with gerbe-connections up to equivalence). It is likely that, in general, for an n − 1-connected manifold M, the groups {π
Remarks
As we announced in the introduction there is an extra complication which arises when one tries to obtain our results for a non simply-connected manifold. We use this section to explain the difficulty.
Let M be connected but not simply-connected. As we explained in Rem. 7.2, any gerbe with gerbe-connection on M gives rise to a line-bundle with connection on Ω(M). Since M is not simply-connected, its loop space Ω(M) is not connected. It is clear that for the reconstruction of the linebundle with connection on Ω(M) it does not suffice to consider only the holonomy around closed loops in one of the connected components Ω(M); one has to consider loops in all connected components. Therefore, going back to our gerbes, for the reconstruction of our gerbe with gerbe-connection it does not suffice to consider only its holonomy around closed 2-loops. We ought to consider the holonomy around each 2-path starting and ending at any given loop. More directly we can see where our results in this paper fail in the non simply-connected case. We have used repeatedly the existence of the homotopies P ij i in Sect. 7, which is only guaranteed as long as M is simply-connected.
The idea occurs that one ought to formulate the holonomy of a gerbe with gerbe-connection on M in terms of a functor between groupoids rather than a homomorphism between groups. We apologize to the less categoryminded reader, but we fear that category theory enters geometry inevitably once one want to investigate some aspect of gerbes, no matter how skillfully (and beautifully) Hitchin [11] and Chatterjee [8] have tried to eliminate the category theory in the gerbe concept. The group π 2 2 (M), which does not contain sufficient information in this case, ought to be substituted by a groupal groupoid or 2-group, whose objects are loops in M and whose morphisms are closed 2-paths in M starting and ending at any given loop modulo thin homotopy. However, a 2-group is a monoidal groupoid (i.e. with tensor product) whose objects form a group under the tensor product. It is clear that we can multiply two loops by their composition, but that will not define a monoidal structure because this composition is not associative. If we only admit closed 2-paths, then there can be no associator, i.e. morphism between the two different composites of three loops. The next idea is of course to take as objects all elements of π 1 1 (M). In order to define the endomorphisms of an object (i.e. element of π 1 1 (M)) we then have to choose a representative loop for this object, which is an equivalence class after all. However, different choices should lead to canonically equivalent 2-groups, because the choices are artefacts of our setup and should not interfere with the final result. It would go a bit too far to explain this technical detail very thoroughly, but what it comes down to is the following: let ℓ be a loop in M, and let G and H be two thin homotopies which start and end at ℓ. In order to solve the problem above we need to know whether G and H are always thin homotopic, i.e., whether there is a homotopy between them of rank at most 2. This seems very reasonable to expect given the severe restriction on G and H, but so far we have not found a proof. Modulo this technical conjecture we can now predict the general definition of gerbe-holonomy. It will be given by a groupal functor between the 2-group sketched above and the 2-group with only one object whose endomorphisms are the elements of U(1). It is not hard to convince oneself that this should be the right answer, but proving it all depends on the aforementioned conjecture.
Next let us put the problem which we sketched in the previous paragraph in a broader context. The angle from which we (see [14, 13] ) entered the gerbe-world was that of Topological Quantum Field Theories (TQFT's). One paper where the whole TQFT-business is put in a broad perspective is Baez and Dolan's first paper in their Higher Dimensional Algebra series [3] . There they argue that the right way to formulate what a TQFT is would be in terms of n-categories and n-functors. An n-category is a mathematical structure with objects (0-morphisms), morphisms between objects (1-morphisms), morphisms between 1-morphisms (2-morphisms),..., morphisms between n − 1-morphisms (n-morphisms). On each level there is a number of possible compositions which have to be compatible up to next order equivalences. For n = 1 we recover the definition of an ordinary category. A lot of research is going on in order to find managable definitions of n-categories in general and to compare the various existing definitions (see [2] ). This is clearly not the place to explain all those beautiful ideas, but we ought to have a quick look at the simplest case where all morphisms are isomorphisms (up to equivalence). Such an n-category is called an n-groupoid. The canonical example of such a structure is given by the homotopy n-type of a manifold M (or more general topological space of course). In that case the objects are the points in M, morphisms are paths between the points, 2-morphisms are homotopies (2-paths) between the paths,..., and finally the n-morphisms are homotopy classes of homotopies between n − 1-paths. The simplest TQFT is just a "representation" of this topological n-groupoid into some algebraic n-groupoid, i.e., an n-functor between the two. For n = 1 we get a functor between the fundamental groupoid of M and any algebraic groupoid. If M is connected this amounts to a group homomorphism from π 1 (M) to any group. The limitation of this sort of TQFT is evident: one only obtains information about the homotopy type of M. Especially for smooth four-dimensional manifolds this is rather dissapointing because simply-connected topological 4-manifolds are almost entirely determined by their homotopy type, but their smooth structures are definitely not ( [9] ). In order to find more sensitive TQFT's we feel that it would be worthwile to see if there is a way of understanding the relation between homotopy theory and differential geometry from a "categorical point of view". For a start it would be interesting to study the thin homotopy n-type of a smooth manifold M and its "representations". The objects would be the points in M, the morphism would be thin homotopy classes of paths, the 2-morphisms thin homotopy classes of 2-paths, etc. To make this really work one would have to prove a generalization of the aforementioned conjecture. Although these final remarks may seem very vague, it looks like n-gerbes with n-gerbe connections are precisely the first examples of representations of the thin homotopy type of a manifold. We feel it would be worthwile to see if these vague remarks can be made into rigorous statements, because it could lead to a better conceptual understanding of the potential of TQFT's.
